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Calculus Individual AoPS Mock MAΘ February Invitational

The answer choice (E) NOTA denotes that “none of these answers” are correct. Tests are scored such that each
correct answer is worth 4 points, each question left blank is worth 0 points, and each incorrect answer is -1 point.
All answers must be exact unless otherwise specified. Good luck, and more importantly, have fun!

1. Evaluate limx→1
x2−2x+1
x−1 .

(A) 0 (B) 1 (C) ∞ (D) DNE (E) NOTA

2. The population of ducks on the American Heritage campus can be modeled by the logistic equation
P (t) = 120

5+e−0.05t . As time goes on (t→∞), what value does the population of ducks on the American
Heritage campus approach?

(A) 20 (B) 24 (C) 30 (D) 120 (E) NOTA

3. What is the derivative of cos(x2) with respect to x?

(A) sin(x2) (B) − sin(x2) (C) 2x sin(x2) (D) −2x sin(x2) (E) NOTA

4. Let f(x) = x4 + 4x3 + 4x2 + 4x+ 1. Evaluate f ′(9).

(A) 964 (B) 1000 (C) 3964 (D) 4000 (E) NOTA

5. Estimate the area under the curve y = x3−x2+1 from x = 0 to x = 3 using a trapezoidal approximation
with three subintervals of equal width.

(A) 13 (B) 16 (C) 26 (D) 32 (E) NOTA

The following four problems refer to the function f(x) = x3 + 1,
graphed to the right.

6. Consider the second quadrant region bounded by f(x) and
the coordinate axes. What is the area bounded by this
region?

(A) 2
3 (B) 3

4 (C) 4
5

(D) 5
6 (E) NOTA

7. The tangent line to f(x) at the point (1, 2) intersects f(x) again at the third quadrant point (a, b).
What is a+ b?

(A) −9 (B) −7 (C) −5 (D) −3 (E) NOTA

8. Let f−1(x) be the inverse of f(x). Evaluate
∫ 9

1
f−1(x) dx.

(A) 6 (B) 8 (C) 12 (D) 18 (E) NOTA

9. A solid is created by taking the second quadrant region bounded by f(x) and the coordinate axes and
revolving it about the y-axis. What is the volume of this solid?

(A) 3π
10 (B) 9π

28 (C) 3π
5 (D) 9π

14 (E) NOTA
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10. Find the area bounded by the graphs of y = x and y = x3.

(A) 1
4 (B) 1

3 (C) 1
2 (D) 2

3 (E) NOTA

11. Find the slope of the tangent line to the curve x3 + y2 = 1 at the point (−2, 3).

(A) −2 (B) −1 (C) 1 (D) 2 (E) NOTA

12. A curve is defined parametrically by x(t) = cos(t)− cos2(t) and y(t) = sin(t)− sin2(t) for t ∈ (0, 2π).
For how many values of t over this interval does the curve have a horizontal tangent?

(A) 1 (B) 2 (C) 3 (D) 4 (E) NOTA

13. Andrew has a cup shaped like an inverted cone with radius 4 inches and height 9 inches. He pours
water into it at a constant rate of 9π cubic inches per second. When the volume in the cup is 6π cubic
inches, at what rate is the height of the water in the cup changing, in inches per second?

(A) 2
3 (B) 1 (C) 3

2 (D) 9
4 (E) NOTA

14. Evaluate
∫ 2019

0
| cos(πx)| dx.

(A) 4038
π (B) 2019 (C) 4038 (D) 4038π (E) NOTA

15. Let bxc denote the greatest integer less than or equal to x. Evaluate
∫ 2π

0
b4 sin2(x)c dx.

(A) π (B) 2π (C) 3π (D) 4π (E) NOTA

16. Gabe is trying to maximize the volume of a rectangular prism inscribed in the ellipsoid given by the

equation
(
x
2

)2
+
(
y
3

)2
+
(
z
6

)2
= 1. What is the maximum possible volume he can achieve?

(A) 48 (B) 54 (C) 32
√

3 (D) 36
√

3 (E) NOTA

For the following three questions, Saaketh and Vlad start out at points (−100, 0) and (0,−70) respectively in
the Cartesian plane. Saaketh begins running at a rate of 3 units/sec in the positive x direction. 10 seconds
later, Vlad begins running at a rate of 4 units/sec in the positive y direction.

17. What is the distance between Saaketh and Vlad 10 seconds after Vlad starts running?

(A) 30 (B) 40 (C) 50 (D) 70 (E) NOTA

18. At what rate is the distance between Saaketh and Vlad decreasing 10 seconds after Vlad starts running?

(A) 21
5 (B) 24

5 (C) 5 (D) 28
5 (E) NOTA

19. What is the shortest distance between Saaketh and Vlad at some time after both of them start running?

(A) 14 (B) 21 (C) 28 (D) 35 (E) NOTA

20. Let f(x) = 3(x+ 6)(4− x). Find the largest possible value of
∫ k+2

k
f(x) dx where k ∈ R.

(A) 138 (B) 142 (C) 146 (D) 148 (E) NOTA
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21. Evaluate
∫ 1

0
arccos(1− sin(2x) tan(x)) dx.

(A) 1
2 (B) 1 (C) π

4 (D) π
2 (E) NOTA

22. Let f(x) = 3x4+4x3+5x2+4x+3
x3+x2+1 . Evaluate limn→∞

1
n2

∫ n
0
f(x) dx.

(A) 3
2 (B) 3 (C) 9

2 (D) 9 (E) NOTA

23. Consider square ABCD with side length 1, where vertices are labeled counterclockwise. Consider a
circle of arbitrary radius centered at A and a variable point P on that circle. Initially, P lies between
A and B but then begins to move counterclockwise at a rate of 1 radian/s along the circumference of
the circle. If X is the intersection of ray AP and BC, what is the rate of change of the area of 4XAB
when ∠PAB = π

6 ?

(A) 1
6 (B) 2

3 (C) 3
2 (D) 2 (E) NOTA

24. The power mean of two positive real numbers a and b for a given power p is given by

PMp =
p

√
ap + bp

2
.

As p approaches 0, which of the following quantities does the power mean approach?

(A) 1 (B) min(a, b) (C) max(a, b) (D)
√
ab (E) NOTA

25. As p approaches positive infinity, which of the following quantities does the power mean approach?

(A) 1 (B) min(a, b) (C) max(a, b) (D)
√
ab (E) NOTA

For the following three problems, consider f(x, y) = x2y3,
graphed over x ∈ [0, 1] and y ∈ [0, 1] in xyz-space.

26. Consider the intersection of f(x, y) with the plane x = 1.
What is the area bounded by this intersection, the line de-
fined parametrically by l(t) = 〈1, t, 0〉, and the line defined
parametrically by m(t) = 〈1, 1, t〉?

(A) 1
6 (B) 1

4 (C) 1
3

(D) 1
2 (E) NOTA

27. Consider the intersection of f(x, y) with the plane y = 1. What is the area bounded by this intersection,
the line defined parametrically by l(t) = 〈t, 1, 0〉, and the line defined parametrically by m(t) = 〈1, 1, t〉?

(A) 1
6 (B) 1

4 (C) 1
3 (D) 1

2 (E) NOTA

28. What is the volume bound by f(x, y) and the xy-plane over x ∈ [0, 1] and y ∈ [0, 1]?

(A) 1
24 (B) 1

18 (C) 1
12 (D) 1

6 (E) NOTA
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29. Evaluate the following sum.

lim
n→∞

n∑
i=0

n∑
j=1

sin(i+ j
n )

in+ j

(A) π
4 (B) π

2 (C) 3π
4 (D) π (E) NOTA

30. Let f(x) be a rational function of the form f(x) = ax+b
x+c , where a, b, and c are real numbers and c 6= 0,

such that f(f(x)) = x for all x in the domain of f . This function also satisfies f(0) = 0 and f(10) = 10.
Let x0 and y0 be the values of x and y that are not in the domain and range of f respectively. Let
d(m) be the distance between the intersection points of f and the line with slope m passing through

(x0, y0). If d′(2) can be expressed in simplest form as
p
√
q

r , what is p+ q + r?

(A) 16 (B) 17 (C) 18 (D) 19 (E) NOTA
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